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General formulas for a two-electron operator for open-shell atoms in a coupled tensorial form are presented. Various
representations of a two-electron operator in coupled tensorial form are studied. The consideration covers the cases when the
two-electron operator represents atomic interactions or some effective interaction, for instance, arising from a perturbation
theory. The second quantization technique is used. General formulas are derived in LS coupling. Two consistent approaches
to make the coupled tensorial form for a two-particle operator are studied in detail.
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1. Introduction

For many-electron atoms and ions the ability to
present a two-electron operator and its matrix elements
in a form optimal for the considered task may be de-
cisive for successful calculation solutions of many the-
oretical spectroscopy problems. For instance, to pro-
duce highly precise atomic structure data the large-
scale configuration interaction (CI) calculations [1] and
many-body perturbation theory (MBPT) [2, 3] are used
at present. The combined approach CI+-MBPT, where
CI and MBPT methods are applied in cooperation, are
intensively developed [4]. All these methods need very
large sets of the matrix elements for two-electron oper-
ators associated with atomic interactions or with some
effective interactions of MBPT. However, the genera-
tion of such sets is consuming much time and demands
large storage space in a computer. Note that the ma-
jor part of calculations is the determination of the an-
gular parts of matrix elements (angular integration) of
a two-electron operator. Therefore, a variety of tech-
niques and methods [5] allowing to derive the formulas
which enable one to write efficient (economic) com-
puter codes of calculations of the matrix elements for a
two-electron operator is developed.

Traditionally the calculations are carried out [1, 6]
with the wave functions and operators in a coordi-
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nate representation [7,8]. However, recently the ef-
fective methods employing the operators given in a
second quantization representation (SQR) in a cou-
pled tensorial form have been constructively developed
[9-11]. The possibility of manipulation with the cre-
ation and annihilation operators as the irreducible ten-
sors to achieve the most favourable shape for two-
electron operator for a multishell atom gives some ad-
vantage over the coordinate representation, where the
variety of forms for the tensorial products are more lim-
ited.

In SQR a coupled tensorial form of a two-particle
operator was developed in a number of papers ([12—15]
and references cited therein). Here we point out the
paper [14] where the detailed consideration of a two-
particle operator and matrix elements has been given by
suggesting the special orderings and coupling schemes
for the tensorial products of creation and annihilation
operators. In [15] the expressions in a coupled ten-
sorial form for an effective two-particle operator used
in a second-order MBPT were presented. However,
the orderings and coupling schemes used in [15] were
slightly different than in [14]. In [15] also the formula
for the matrix element of a two-particle operator was
given.

In the present paper we continue the previous stud-
ies [15] by considering two consistent approaches to
make a coupled tensorial form for a two-particle op-
erator. Special attention is paid to the approach when
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the expressions for the operator considered are given
in terms of submatrix elements of the coupled two-
electron wave functions. This gives more freedom in
choosing a convenient way for the calculations of ma-
trix elements for open-shell atoms.

In Section 1 various ways to obtain a coupled tenso-
rial form for a two-electron operator are studied. Sets
of expressions in SQR for two-electron operator are
presented. To illustrate the application of the method
developed, the operator of the spin—other-orbit interac-
tion is considered in Section 2. The Appendix contains
formulas necessary to find expressions for the recou-
pling coefficients.

2. Two-particle operator in coupled form

In this section we present two different sets of ex-
pressions obtained in two approaches which use differ-
ent ways of coupling for a two-particle operator given
in a second quantization representation. Consider a
two-particle g;; operator for N-electron atom [7]

N
1
Gzzgz‘jzgzgij- (1

i<j i#]

Here it is assumed that g;; = g;;. For many atomic in-
teractions the operator g5 is presented as the following
tensorial product [7]:
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where g(r1,r2) is the radial part of g12. The first factor
on the right-hand side of (2) represents the Clebsch—

Gordan coefficient. g(kmi)

i is an irreducible tensorial
operator of ranks k; and «; in [ and s space of electron
1, respectively. The resulting rank I' = k + k. We use
the following notations: v = ks, m~, = mymy, and

A =ls.

The second quantization representation of (G is given by the following expression [9]:
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Here a,, \.,,, and a,,, , denote electron creation and annihilation operators. In our considerations 7, j, j/, 4 indi-
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pled two-electron wave function

+ Nj) the operator G acts on.

In (3), a matrix element

g N my A;-m/\3_> (= (ij] gm;F |i’ 7'}) is calculated by using an uncou-
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(mr

(second approach) two-electron wave functions are used to determine the matrix element of g;,m in (3). In
addition, for both approaches we also study the representations of G starting the summation over m, with the

antisymmetric matrix element ([16])

<ni i iy, g Ajmy ‘g

= <7‘LZ )\1 my, nj )\jm)\j g

— <nZ Ai My, 1 )\jmxj g
and taking into account that
G 1
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Note that in the above discussion it has been assumed
that the second factor in expression (3) is the ma-
trix element of a two-electron operator g1o with the
definite tensorial structure and symmetry properties
and represents some atomic interaction in an atom.
However, the expressions like (3) also appear when
studying the perturbation theory expansion terms (di-
agrams). In this case, instead of (i j ) gg),ﬂr ) i'j"), the
sums of products of the matrix elements for operators
involved in a perturbation theory expansion emerge.

These products can be considered as the matrix element

(ij gg)rl;r‘ i’ j') of some effective operator eﬁgfg)mr

with the more complicated tensorial structure and sym-

metry properties than those of gg),l;r. Nevertheless,
our consideration is developed in the way that covers
the both cases.

In order to perform the sums over m) (to present
G in the coupled form) one needs to take into account
that a,({}i = axm, and a()‘) ()™ af my, AT€
the irreducible tensorial operators of rank A. After the
summations are carried out, the operator GG can be ex-
pressed as a multiple sum of the product of two factors.
One factor represents the irreducible tensorial product
of creation and annihilation operators, whereas another
one is a scalar (c-number) which involves the subma-
trix elements of g( %) and the recoupling coefficients
arising while constructing the tensorial product.

There is a number of ways a coupled tensorial form
for a two-particle operator G can be obtained. The
particular way and the corresponding expression for G
are determined by the specific coupling scheme which
is used to make the irreducible tensorial product from
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a,(ﬁ[i and 67({1\2. The coupled tensorial form also de-

pends on the tensorial structure of the second term in
(MT

G2 mr| @ j') or on
the corresponding PT term which represents a partic-
ular diagram. In the present paper the creation and
annihilation operators are given in the order proposed
in [15]. The operators a,(ﬁ‘i and aﬁéﬁ which act on the
same shell are placed side by side, while the operators
a7(ni and a()‘) acting on the first (second, third) shell of
many-electron wave function are situated to the left of
those acting on the second (third, fourth) shell. The
summation over my was performed by using Jucys,
Levinson, and Vanagas theorems [17]. Depending on
the approach developed, we have carried out several
recouplings of ranks to make the irreducible tensorial
product of creation and annihilation operators. In the
first approach, we applied the Wigner—Eckart theorem
[7] to the second term of (3) and after the summation
over m., the generalized Clebsch-Gordan coefficient
was obtained. Then, the angular momenta of the gen-
eralized Clebsch—Gordan coefficient was recoupled in
the way that the resulting ranks of tensorial products of
agni and @' l associated with particular shells should
be coupled in a consecutive order. More details of
such technique can be found in [15]. In the second
approach, firstly Eq. (4) was used to obtain the gen-
eralized Clebsch—Gordan coefficient and after that the
irreducible tensorial product was build by recoupling
angular momenta.

The final result of our study is a large set of the ex-
pressions for GG. For convenience, these expressions are

(3), i.e. on the matrix element (i j
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Table 1. The quantities for generation of the expressions for the operator GG in two-shell case.

ANy, AN, o e GO 9955, 9950,
0,0 1 1 T21(—1,1,-1,1)  (=1)72trfratiz —cz1212D%,
X (bya15D + tt1)
+(b1221Dg+tt2)
—2, 2 2 1 T21(—1,—171,1) —bllggD 021122D52
27_2 5 1 T21(1717_17_1) 9912)21 99521
-1, 1 31 *T22(—1,—1,1,1) (=1)*2Fhetntr g cz11120(A,,u) D,

X(S(Al,")/Q)P-f—ttl)

2 *T23(—1,—1,1,1)

A1+A
(_1) o 2+’Y(bl222

X‘S(A1:72)P|>\1<_>A2+ttl)

6212225(/\1, d)
XD§3|)\1 —— g, u——d

*T24(-1,1,1, —1)

A—A>" p
(=)™ 72 gghs

A —ANo——=—
(=)™ gg3s,

2 *T25(1,—-1,—1,1)

Ao—As™ b
(=1)"27"2 gghs,

Ao —Aog—>—
(=)™ gg3,,

Table 2. The quantities for generation of the expressions for the operator G in three-shell case.

AN, AN, AN, o GUH®® 9950 9930

0,-1,1 2 T31(=1,1,-1,1)  —(b,ysEN + ) —cz1213D% |ue—a
+(byg3,0(Ay,v)TN + tt,)

0,1,—1 1 T31(1,-1,1,-1)  (=1)*1gg8, (-1)Mggz,

-2,1,1 4 T31(—1,-1,1,1)  (b,,55D5+tt1) cz1123D%5

2,-1,—1 3 T31(1,1,-1,-1)  ggi, 9954

-1,1,0 5 T32(-1,1,-1,1) (=1)?"27%3(p PN +tt;) cz1323D5
+(by 50 D3 +tt2)

1,-1,0 6 T32(1,—1,—1,1) (=1)*2g¢b (=1)*2 ggz

—1,-1,2 7 T32(—1,-1,1,1)  (byps PN +tt1) cz1233 D%,

1,1,-2 8  T32(1,1,-1,—-1)  gg5, 995

1,0,-1 9 T33(1,-1,1,—1) (=1)MFMT gl [y, (—D)MFM 202 [ s

—-1,0,1 10 T33(—1,1,—-1,1) (=) Ht2ggb 1y L, (D)2 g2 e

-1,2,-1 1 T33(=1,1,1,—1)  (=)MHhR2ggb |y, (=) HATA2 ggz e

1,-2,1 12 T33(1,—1,-1,1)  (=)M+hf2geb |y, (—D)MFM 202 e

collected in Tables 1-3. Bellow, the detailed explana-
tion of the notations used in tables will be given.
For both developed approaches we write

G=Y Guy+> Gupy+ > Gujn
) ) i)
+ > Gkl - (7)
{ijkl}

The operators Gy, Gyi gy Grigrys Giijkgy act in
the space of the states of one, two, three, and four

shells, respectively. The sums in (7) run over all pos-
sible distributions {i}, {ij}, {ijk}, {ijkl} of shells
of the N-electron wave function. It is assumed that
t < j < k < 1. Each operator in (7) is presented as

Gy= Y *GAOT 457 (a, 00, A1A2,T), (8)
A1Ao
O Qe

where x = b, z denotes the quantities obtained in the

first and second approaches, respectively. xG&’}i“?)”Z}lF

stands for the irreducible tensorial products of the
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Table 3. The quantities for generation of the expressions for the operator GG in four-shell case.

AN, AN, AN, AN, o G&HMO 99%, 995,
-1,-1,1,1 1 T41(~1,-1,1,1)  —(b 4DV + tt1) —cz1243D3%;
H(=1)FRS (b, DY )
1,1,-1,-1 4 T41(1,1,-1,-1) g&, i
-1,1,-1,1 2 T41(~1,1,-1,1)  —(by, . D% +tt1) (=M Az Al
b
+(b31940(Ay,72) Dypttt2) X023142Di2‘A1HA2
1,-1,1,-1 6 T41(1,—1,1,—1) g¢&, T
1,-1,-1,1 3 T41(1,-1,—1,1) (=1)"FTfAs cz3241 D%y
X (bygyy DV + tt1)
( 1)72+>\1 A2
X (bgn140(A 1772)DZ2+tt2)
~1,1,1,-1 5 T41(-1,1,1,-1) gl 9%
operators agni and a%‘l with the intermediate Aq, Ay operators associated with the previous sets of the quan-

and the resulting ~y, I" ranks. Further for simplicity we

use the operator G( ! 2)%)7 instead of G(A1A2)(7)
(AlAz)( )T

Note that the submatrix element of G, mp

be easily obtained from one of G(AlAZ)(m)7 by us-
The

ing simple relation presented e.g. in [9,10].
expressions for the scalar factor gg*(a, ge, A1A2,T)
will be discussed later. The indices a and g, char-
acterize the set {n; \in; A;n; \; ni \j} of quantum
numbers in (8). « specifies the number of shells
the operator GG acts on. Note, the maximum num-
ber of shells the operator G can act on is four. We
collected the terms of the operator G with definite
« into groups and labelled them by g.. The op-
erators of a particular group connect only the con-
figuration states  (...Np,...Na,...N3,...Ny...|
and|...N7,...Nj, ... N3, ...Nj...) with the specific
electron occupation numbers N; and N/ of the shells

the operator Gggle 2)(’7) acts on. In Tables 14 the in-

dex p is associated Wlth the specific collection of num-
bers {ANl N{ — Nl, ANQ = Né — NQ, ey
AN, = Nj — N4}. The terms of each group o,
are characterized by the following sets of the quantum
numbers:

can

o stl = {n; \in; \jnj \; nj A},

o st2 = {n;\j n; \inj A\jn; N} },

o st3 = {n; \inj Aj nz \jn; A, },

e denotes the sets with different arrays of n; A;, n; A;,
n; )\9, n; X,. The terms with st1 (st2) and st3 (st4)
represent the direct and exchange interactions, corre-
spondingly. Four products of creation and annihilation

tum numbers can be transformed into the single prod-

uct (we denote it by G&%EAQ)(V)TEF) by permuting a%‘z

and 6%‘2. In general, the factor gg* (v, ge, A1 A2, T') has
four terms corresponding to the st1, st2, st3, st4 sets.
However, due to the symmetry properties of atomic in-
teractions, the term in gg”(«, 0., A1 A2, ") associated
with the set st1 (st3) is equal to the term desribed by
st2 (st4).

The expressions for the operator G and their anal-
yses when it acts on one shell (n; \; = njA;
n; ;= nj \}) are commonly known (see, for exam-
ple, [10, 14, 15]), therefore they are not presented here.

Let us study the case when G acts on two shells
(o = 2). The expressions for ’”G(AlAQ)(W,)nF and
997 (2, 0e, A1 A2, T) are presented in Table 1. To re-
duce a number of expressions that should be written for
G&/QIQA?)M, we use the convention Ta3(by, ba, bs, by)
to describe the tensorial products of creation and anni-
hilation operators with different coupling schemes. If
the argument b; = —1 or 1, then the ¢th operator in
Tap is a® or @M. For instance, T21(by, b, b3, by)

(A1A2)(7)

describes three operators Gy, m. when o = 1, 2,

and 5. Note that in our study the operators *G (AlAQ)T()z )
i

for x = b and x = z are indentical for three- and four-
shell cases and only for two-shell case *G (A1A2)(7) | they
are different for x = b and z = 2. Furthermore this
happens only if {AN;, ANy} = {—1,1} and {1, -1}
(0 = 3,4). Exclusively for these cases there are two op-
erators “G'y (A1A2 73 (e = 1,2) for fixed o, and the index

e has been 1ntroduced to separate them. While consid-
(A1A2)(’Y)F

ering *Gayp and gg*(«, 0e, A1 A2, T") for other
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Table 4. The relations for determination of the recoupling coefficients.

Two-shell Formula

D3 6(A1,m1) 6(Az,v2) A1, 72,7)

D3, D(A1, A2, u,d, v, A1, A2)

D3, 0(A1,u) §(A2, d)A(u,d, )

Djq (D)7 MtRe Aoy Ny d o, y, Ao)

Three-shell ~Formula

Db (—)MTr22 gy

D3, (=1)MFrtem Mt BN (A, A2, A, u, d, 7y, A, A2)
D3, (=1)"*2 PN (A1, A2, A3, u, d, 7, A1, Az)

Di3s TN (A2, Az, u,dy v, A2)d (A1, u)

Four-shell Formula

D, (1) A= HMFLDY (Mg, Ax, As, Ay 71,7257, Aty A2)
Db, (=D FMTMP (A5, Ay 1, 72,7, Az)

Dj, (=1 §(A1,u) P(Ns, Aay dyu, 7y, Az)

Di, (=1)3He= 2= 2 M DY Xy A1, As, Ay u, d,y 7y, A, A)

cases, we skip the index e. The operators G§22A2)7(;)

are described by tensorial products with the following
schemes of coupling:

T21(-1,1,-1,1)

= [T (o, 3) < 709 (20,3)] 7L @)
My
bT92(-1,-1,1,1)
~ A ()
_ Ha()‘l) w T(A1) (Al,Al)}( 2 &(AZ)} . (10)
My
bT923(—1,-1,1,1)
_ ()
_ [a(m " [T(Al) (/\2,)\2) « a(m}(“)} (1
My
*722(—1,-1,1,1)
N o1 @2) ™)
- HT( (O, M) x @] 2)] . (12)
My
*T23(-1,-1,1,1)
o ()
_ [a(m x [0 x 78 (A%Az)}("ﬂ . (3)

My

bT924(-1,1,1,-1)

_ T (g %) x g0 o g0
[0 () <] ]

bT25(1,-1,—1,1)

= [5()‘1) X [a(’\z) x TA1) (A2,X2>}(A2)]

“T24(—1,1,1,-1)
= (A1) (A1) (Y. X (AQ)X (A2)
[ %79 (3, 51)] ™ a0

and

*T25(—-1,1,1,-1)
[ ]

where

()

My

()

My

()

My

()

My

il

9

)

(14)

15)

(16)

a7

(18)



R. Jursénas and G. Merkelis / Lithuanian J. Phys. 47, 255-266 (2007) 261

()

.. are defined

For three shells, the operators Ggf;“\z
by the tensorial products (Table 2)

T31(~1,1,1,-1)

— l:[T(/h) (/\17X1) % fd()\Q)}(Az) " a(}\3):|(7) a9

My
T32(-1,1,-1,1)

[T (R T4 (a0 %)] 7L o)

My

and
T33(1,-1,1,—1)

S0 o D (v 5D o]
:Ha(l x T (AZ,AQ)} X a 3} . @)

My
Finally, for four-shell case (Table 3)
T41(—-1,-1,1,1)
()

. (22)

My

_ [[T(An (. 2a) x @)™ a(m]

Now consider the factor gg* (v, 0, A1, A2, 7). In the
first approach we obtained that

99" = 99" (v, 0, A1, A2, )

= 5" {[MDap(7. Nis Ajy Ny Ay 1, 720 Ag, Ag)
Y172

X b(’)/) )‘i> )‘]) )‘;7 )‘;771772) + ttl]
+ [MEag(7, Mis A, Ny, Ay 71,72, A, Ag)

X b("}/’ )\i7 )‘]7 )‘;7 AfjaVlfY?) + tt?]} . (23)

Here

bijjrit = bxixjajae = 0(7, Xiy Ajy Xy Al y1,72)

= (nilyngly |g(ry,ro)| i 1 ”; 52)

1 [\, A2

P 9l A g N
Sy 12 (v, 71.72) [Aallg ™[ A7)
<[ Allg™2IX] (24)

where (n;lin;l;|g(r1,re)|n} I} n/;1;) is a radial part
of G. A(v,71,72) denotes a triangular delta and
[Aillg™[|A;] is the submatrix element of g)[7]. A

shorthand notation [k] = 2k + 1 is used wherever
representation dimensions appear. The expressions for
99°(a, 0, A1, Ao, y) are presented in the fifth column
of Table 1 and the fourth column of Tables 2 and
3. The factors MD,, and ME,, arrive due to the
recoupling procedures. The explicit expressions for
these factors are found by using the relations of Ta-
ble 4 and the expressions (A1)—(A6) of the Appendix.
The formula for the term ¢t (tt9) linked to st2 (st4)
is obtained from the expression of the first term in
braces associated with st1 (st3) by replacing b;j;;ry
(bijirj) with bjzirjr (bjijear), interchanging 1 and o
(71 < 72), and multiplying the obtained formula by
the factor (—1)"1*7277 = w. In addition, the notation

ggg o in tables means that the expression for gg o 18

found from the one of ggg o When b;;;; is replaced

with by ;/;; and the obtained formula is multiplied by

. . / !~ — . .« .
(=1)NFAFNFA =172 Note again that for atomic in-
teractions where g;; = g;;, the term ¢ty ({t2) is equal

to the term associated with st1 (st3).

sion for G for effective interaction °f gmﬁr is obtained

The expres-

when the factor b(7y, A, Aj, )\9, A y1,7y2) is replaced
with the submatrix element of (i j\eﬁgg)rrnr\i’ 7). To
obtain the expression for gg®(a, 0, A1 Ao, ) in the case
of the antisymmetric matrix element (5), the factor
b(y, Ais Ajy N, Ay v1,72) of the term with st1 in (23)
must be replaced with the

1
bf}j’i' 9 [b(%)\i)‘jv}‘})‘;ﬁl”m)

- Z (—D)NTNTTP2 [y py, po] /2
pP1Dp2

Ai X p1
X >\; >\]p2 b(’Ya /\ZaAjaAgv)‘;aphpQ)} ’ (25)
Y172 Y

whereas the remaining terms in (23) (corresponding to
st2, st3, and st4) must be skipped out.

To illustrate the derivation of a particular expres-
sion for G, consider a two-shell case (o = 2) with the
electron occupation numbers N1, No and N| = N7 —
1,Nj = Na+1(0=3),{AN;,AN,} = {-1,1}. By
using Eq. (8) and the formulas in the rows of Table 1
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corresponding to ¢ = 3, and by recovering the notations
introduced above, we find that

G2y

— Z {bTQZ(—l,—1’171)(_1)>\2+A2+“/1+“/2
A1A2m1y2

X [b1112 5(A1772)P+b1121W6(A1771)P|’71<—”YQ}
+ PT23(-1,-1,1,1)(-1)M A2
X [61222 (A1, 72)Play o,

+ ba122 w I (A, ’Yl)PHlHyQ,,\IHAQ] } . (26)

Let us consider the second approach, when at the be-
ginning of the construction of a coupled form of G the
coupled two-electron wave functions (4) are used. As it
was noted earlier, except for the two-shell case, the ten-
sorial products ZGEM/;AQ)SJW) are equal to ngAgiAQ)%E,.
The general formula for gg* (x = z) is presented as

follows:

Z =

99° =g99° (o, 0, A1A2,7)

= Z UEQQ(ALAQ,’}/, >\z’7 )\j, )\9, )\;, u,d)
ud

X cz(9, Niy Aj, iy Al

j) 19

u,d). Q7

The expressions of factors U Ea, (7, Ais Aj, A}, Af, u, d),
which represent the recoupling coefficients in the sec-
ond approach, are given in the last column of Ta-

bles 1-3. The factor

czijjrir = €2(7, iy \j, A, A, w, d)
= 2z + [1 = 0(i, )] (=) M TR
+ 1= 80, (=) s+ 1= 6(4, )]

X [1 =31, jH)(~1)N TR NI (28)

In the case of (2),

Zijilit = Z(’}/, )\i, )\J, )\/ )\/

79 z?u7d)
1/2

(1) mﬁ

N =

<3 [ [ Xgm)}“)’
Y172

/ 1N/
niA; )X, d|

X (nZ lingljlg(ry, m2)|ni 1 l;) : (29)

A submatrix element of operator [g(“) X g(”)]
equals to [17]

[)\i )\juH {g(’Yl) > 9(72)}(7)‘

X, A;d} = [\ Ay, d)V/?

! !
U]
X977y

iAjU

i

o

X - 30y

For atomic interactions the first (second) term in (28)
gives the same contribution as the fourth (third) term.
When studying the effective interaction,

RN A+N.—d [u]l/Z
z(7, >\i7>\j7>\j7>\z‘au7d) = (=1)""7% [,}/]1/2

o r [y v
x [)\i)\juH A PV Aid}. 31)

For the antisymmetric coupled two-electron wave func-
tions the submatrix element of the operator gﬂz is

given by

s

NNpd| =

! q/ ! g/
n; l; njlj)

Z (nl ll njlj‘g(rl, T‘Q)

Y172

< i AJ’“H [0 x gm)]”)‘

N, X d]

_ (_1))\;4-)\;—“/ Z (nz l; n]l]’g(rl’ 7’2)’ 77,; l; n; l;)
Y172

<ol s o]

X Xd] (32)
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Then

cz(7, /\i,/\j,)\'- Noyu,d) =

70 Ve

1( B 1>A;+A;—d [u]'/?

o oy

XNpd] L (33)

In tables the notation gg?, o,/ means that the expression
for ggz,, is found from the one for gg7, ,|u«d. Where
zijjrir 18 replaced with 2y ;; and the obtained formula
is multiplied by the phase factor (—1)* AN =Y
Consider the special case of G when @ = 2, o = 3.
By using the similar steps as in the first approach, we

can write

G2

- ¥

Ai1Asud

[ZT22(—1, ~1,1,1)

X CZ(V? )\1,>\1,>\1,)\2,U,d) 5(A1,U) D;g

+ ZT23(—1, 1,1, 1) CZ(’)/, A1, A2, Ag, Ao, u, d)

% (A1, d) Di|x, rg e - (34)

In summary, the expression for a specific term of the
operator GG is obtained in steps. In the first step, the
shells the operator GG acts on (i.e. those defined by «
and g, in (8)) are selected by considering

(...Ny,...Ny,...N3,...Ny..|

and
.. NL,...Nb,...Nj .. .NL..),

which are used to calculate the matrix element. Af-
ter that, the expressions for GGy 2L and
99" (e, ge, A1 A2, T') are chosen from Tables 1-3. In the
second step, the final formulae for gg® (v, ge, A1 A2, T)
are obtained from Table 4 and the expressions (Al)-
(A6) given in Appendix. In the case of the consec-
utive coupling of the resulting moments of the shells
of many-electron wave function, the formulae for ma-
trix elements of operators G&%M)%L can be easily ob-

tained by using the general formula presented in [15].

3. Spin—-other-orbit interaction

To illustrate the application of the second approach,
consider the operator of the spin—other-orbit interaction
(y=krk=11andT =0) [7]:

K] 7Y2 (K +k+1) "2 (1 + Pp)
|

1 K T’i
x —| Dy |
1 rs

+ ([ e (59 4 2s0) )

([P o] (s 26f0) )

kN 9
pi < )—} 35
><<1r§+1 el (35)
where
1

5 AL e kon,
DK—E—F " (36)

Y K=k+1,

and

PEIE) —3\/3 gy por [C(K) % {0(1) XL(l)} (1)}(1(')’

OO — are[€0) x o)™

agrr =K [k KK VR R R L
k1K (k1 K
000 1K1 ("
(37)

Notethat K, K' = k+1,k+1;k+ 1,k k— 1, k; k —
1, k—1. Keeping in mind (29) (v = LS andd = L'S")
and (35), we write that

X

SO0
Zijj/i’

=[1+2(-1)" 1+ (~1) P(ky —— k)]

2L (38)

I
x (Zij] i 1554’
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The factors

mz: —V3 Z

kKK’
k1=K’
ko=k

V(K 4 k1) 12

X (_1)li/+ljl+L/+1[li7 l]v L7 Sa le S/]l/2

x Ire (i, ")l P 151 C 421

lo Ly I
1/21/2 1 "
X{S & 1/2}{k1k21} (39)

l; 1; L
and
A =—v3 3 kTVA(K k1)
kKK’
k=K'
ko=k

X (_1>li/+lj/+L/+1[lialjaLv Sa lesl]1/2
x I (i’ j3") [ |C D |1 (1] |0 F=2)1 1]
Lo 1y I
1/21/2 1 }{ J }
y { : ky ko 1 (40)
s s\ ]

describe z;;;; in case of the coupled two-electron
wave functions. The radial integrals I (i7',jj') and
I} (it’, j3") [7] are equal to

I (i, jj') = Ik (nilinily, njling ;)

o? 1 K rk
= Z (nzl,n]l " (Dl kil)

ni/li/nj/lj/> (41)

and

I (i, 35") = I (nilingly njlingly)

2 k
o« K T< 9
=T (nzl n;l; (D k+1> o
respectively. For the normalized antisymmetric cou-
pled two-electron wave functions

T li/nj/ lj/) 5 (42)

|1 A Aj umy) 4

— (=DM g g umu”

(T(i,j) = [1 — (i, 5)(1 — 1//2)]/V/2 is a normal-
ization factor), the submatrix element of H{$° has the
following expression:

[Nidjul HYS | Air Ajrd]

= 12(= )N PTG T ) )2

) (1= (NP e )] . @3)

This expression coincides with the formula for the an-
tisymmetric submatrix element given in [7]. Then, tak-
ing into account (35) and (43), we obtain

CZSOO

(_1)li/+lj/+L'+S’+1 {T (Z,]

(i)}

=

x L, S]'/? [Nidjul HY3° [ A Ajed] , - (44)

Note that the spin—other-orbit operator has a com-
plex structure described by several terms with dif-
ferent tensorial products (35). In the first approach,
M Do, Aiy Ajs iy Aby 1,72, Ar, Ag) and Gy
depend on the internal ranks 71,72 = k, K’ (see also
[18]) of each term in H75°. Differently, in the sec-
ond approach, only the resulting ranks v = kx = 11
and I' = 0 are involved in the determination of the
submatrix element of G&QIM)(” and recoupling coef-
ficients U Eqp(A1, A2, 7, A, )\j,/\j,/\ u,d). All spe-
cific information about spin—other-orbit interaction is
included only into the factor cz(vy, Ai, Aj, A}, Aj, u, d)
which can be found prior to the calculation of the
submatrix elements of G(AIA2 V)W (the most computer
time-consuming part of calculations). Thus, this situ-
ation can be more preferable in the case of studying
jointly several operators with different tensorial struc-
ture.

4. Summary

In a second quantization representation two ap-
proaches were considered to express an arbitrary two-
electron operator in a coupled tensorial form for multi-
shell atoms. The expressions of both approaches are
applicable to the study of the operators representing
atomic interactions as well as the opearators describ-
ing some effective interactions appearing, for instance,
in an atomic MBPT or a coupled cluster method. The
first approach is more suitable when one seeks effec-
tively to calculate the matrix elements of (one) partic-
ular operator because the internal ranks of operator are
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involved in the calculation of many-electron angular
part GgleAQ)(%l (the most computer time-consuming
part of calculations). The second approach is superior
for the problems where several operators with different
tensorial structure are considered, for example, the for-
mation of energy matrix of atomic Hamiltonian in the
Breit—Pauli approximation. In this case, only the result-
ing ranks of operators enter in the expressions for sub-
matrix element of G&A;A”S%L and the computer codes
used for such calculations could be more efficient if
they are based on the second approach. The method
used in [14] can be explained as the combination of the
parts of the first and second approaches. The expres-
sions for GG are presented in the mode (i.e. tables and
some simple rules to generate the expressions for terms
explicitly not given in tables) suitable for easy devel-
opment of the efficient computer codes which enable
to calculate matrix elements for two-electron operator
for multishell atoms.

In the case of the consecutive coupling of the re-
sulting moments of shells of many-electron wave func-
tion, the matrix element of ng,lAQ)(ﬂL)v is expressed as
simple sums of the products of 65 and/or 95 symbols
and matrix elements of operators acting in the space of

states formed from a shell of equivalent electrons.
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Appendix

In the Appendix we present the data necessary to
find the expressions for the factors M D, M E,, and
UEq, of ggq,- In the first column of Table 4, the no-
tation of quantities which enter the expressions for fac-
tors M Dy, M E,,, and UE,, are given. The second
column presents the formulas for the considered quan-

tities. To complete the derivation of expressions for the
factors M Dy, M E,,, and U E,,, the formulas

D ED()‘h )‘2771772777 A17A2)

A1 A2 71
= [v1,72, A, A2] 28 A Doy g (A1)
A1 Ag v

PEP()\lvA?)’Ylv’YQa’%Az)

_ 172 [ A2 A1y
- [Vl) A?] {’Yl y )\2} ) (A2)

TN =TN (A, A3, 71,72,7, Na) = (1)1 HA2+%s

A3 A

ENEEN()\I, A27 )\37717’)/2777 A17A2)

= (=1) 7NN [y, 0, A, Ag)

/\1)\371}{)\2)\1 72}
A4
X{’Y’m/\z AMA2 A )7 (A4)

PN =PN (A1, A2, A3,71,72,7, A1, Ag) = (1)1 742

s A Az
X (71,72, A1, Ag] 20X X372 b (AS5)
Ay Ay vy
DVEDV()\LAQ,)\3,)\4,’)/1,")/2,’)/,A1,A2)

_ (_1)—7+>\3—>\4+A1 [ ]1/2

Y1572, A1, Ao

A1 A3 m } {)\2)\4 72}
X A6
{AZ)\QAl ¥ A (46)
have to be used. For example, from Table 2 it follows
that the factor U E35 of gg35 equals to

D§2 - <_1)1+A2 PN (/\17)‘2aA37u7d777A17A2) )

where PN is defined by (AS).
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DVIDALELIO OPERATORIAUS SURISIMO BUDAI ATOMINIUOSE SKAICIAVIMUOSE
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Santrauka

Aptarta keletas dvielektronio operatoriaus antrinio kvantavimo
vaizdavime reiSkimo budy. Vienas i§ ju yra labiau priimtinas, kai
tiriame viena koki nors pasirinkta operatoriy. Kitas reiSkimo buidas
efektyvus, vienu metu generuojant dviejy ir daugiau operatoriu,

turinCiy skirtingas tenzorines savybes, matricas. Pastarasis uzda-
vinys, pavyzdziui, iSkyla formuojant atomo hamiltoniano matrica.
Darbe pateiktos iSraiSkos jvairiems dvielektronio operatoriaus pa-
vidalams LS rySio atveju leidZia parengti efektyvius algoritmus
konkrecioms problemoms spresti.



